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Abstract
The availability of intense, ultrashort coherent radiation sources in the infrared region of the
spectrum is enabling the generation of attosecond X-ray pulses via high harmonic generation, pump-
probe experiments in the “molecular fingerprint” region and opening up the area of relativistic-
infrared nonlinear optics of plasmas. These applications would benefit from multi-millijoule single-
cycle pulses in the mid to long wavelength infrared (LW-IR) region. Here we present a new scheme
capable of producing tunable relativistically intense, single-cycle infrared pulses from 5-14µm with
a 1.7% conversion efficiency based on a photon frequency downshifting scheme that uses a tailored
plasma density structure. The carrier-envelope phase (CEP) of the LW-IR pulse is locked to that of
the drive laser to within a few percent. Such a versatile tunable IR source may meet the demands
of many cutting-edge applications in strong-field physics and greatly promote their development.
∗ chpai@tsinghua.edu.cn
† weilu@tsinghua.edu.cn
1
ar
X
iv
:1
71
2.
09
18
2v
1 
 [p
hy
sic
s.p
las
m-
ph
]  
26
 D
ec
 20
17
The past decade has seen a significant progress in the development of intense few-cycle
mid-IR (λ < 5µm) laser sources, which has opened new avenues in the research in strong-
field laser-matter interaction [1]. These mid-IR sources are an ideal tool for two-dimensional
infrared spectroscopy [2], coherent soft X-ray high harmonic generation (HHG) [3], inco-
herent hard X-ray generation in laser-induced plasmas [4], and time-resolved imaging of
molecular structures [5]. Furthermore, high-energy single-cycle mid-IR pulses can inherently
isolate the electron dynamics in the strong-field interactions, which makes them very useful
in investigating ultrafast phenomena in gases and solids. Some application examples are
coherent control of lattice displacements through nonlinear photonics [6], the generation of
isolated attosecond [7], or even zeptosecond X-ray pulses [8], and sub-femtosecond control
and metrology of bound-electron dynamics in atoms [9]. In a number of these applications,
such as incoherent hard X-ray generation [4] and zeptosecond X-ray generation [8], a long
carrier wavelength (∼ 10µm) is often preferred. However generation of high-energy few-cycle
long-wavelength IR pulses is one of the current challenges to ultrafast laser technology. To
date, the majority of high-intensity few-cycle mid-IR sources rely on parametric amplifiers
(OPA) pumped by laser systems operating at ∼ 1µm [10, 11]. However OPAs face significant
challenges with an increase of wavelength beyond 5µm due to an increasingly unfavorable
pump-to-idler photon energy ratio as well as a lack of nonlinear crystals with suitable optical
and mechanical properties and/or transparency. Recently, there have been mid-IR optical
parametric chirped pulse amplifier (OPCPA) demonstrations with sub-millijoule energy and
wavelength reaching beyond 5µm in ZnGeP2 (ZGP) crystals [12, 13], pumped by high en-
ergy 2µm picosecond Ho-doped lasers [14–16], but the pulse duration is about 5-8 optical
cycles. CO2 lasers are important high-energy IR sources in the spectral range around 10µm,
but their wavelengths have limited tunability and their pulse durations are generally limited
to a few picoseconds [17, 18]. Some other methods, such as difference frequency generation
(DFG) [19], adiabatic DFG [20], non-degenerate four-wave-mixing [21–23] and optical rectifi-
cation [24–26], have attained microjoule level pulse energy, not sufficient for strong-field ap-
plications. There are also some post-processing methods, such as post compression [27, 28]
or synthesis [29], that are often more complex than direct generation methods. In other
words, the generation of coherent, ultra-intense IR pulses is still an outstanding problem.
In this paper we present an entirely different approach to solve this problem that utilizes
asymmetric self-phase modulation (A-SPM) produced by a wake in a tailored (optimally
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shaped) plasma density structure such that the pump laser pulse continuously downshifts
in frequency to give multi-millijoule energy, single-cycle long-wavelength IR (LW-IR) radia-
tion. The advantage of this scheme for IR generation is that unlike in traditional nonlinear
crystals, there is no damage limitation for the power scaling in plasmas.
Photon frequency down conversion in a nonlinear plasma wake
It is well known that a portion of a short but intense laser pulse can be frequency down-
shifted rapidly as it excites a nonlinear wake (density disturbance) while propagating through
an uniform underdense (ωp < ω0) plasma [30, 31]. Here (ωp = 4pinee
2/m0)
1/2 is the plasma
frequency, ne is the ambient plasma density, and ω0 is the drive-lasers carrier frequency. If
the normalized vector potential a0 = eA/mc
2 > 2, and the pulse duration τ <
√
2pi/ωp,
the ponderomotive force (radiation pressure force) of the laser pulse eventually pushes out
all the plasma electrons forward and outward, forming a 3D, nonlinear wake (a bubble-like
region containing mostly plasma ions encapsulated in a sheath of plasma electrons) as shown
in Fig. 1a. If a0 > 1, the plasma electrons oscillate relativistically (close to c) in the laser
electric field. According to 1D nonlinear theory, the index of refraction seen by the laser
photons in the process varies as [32]: η(t) ' 1 − ω2p
2ω20
1
1+φ(t)
, where φ = |e|Φ/m0c2 is the
normalized scalar potential. η varies because of the combined effects of the electron density
variation and the relativistic variation of the electron mass [32, 33]. It is the gradient of
the refractive index (in the frame of the moving laser pulse: ξ = z − ct ) that leads to a
decrease or an increase in the frequency of the photons. Specifically, photons in the front
of the wake where ∂η/∂ξ is negative are frequency downshifted, while photons overlapping
the tail of the wake where ∂η/∂ξ is positive are frequency upshifted, and the part in the
central, near-vacuum region comprising of plasma ions experiences scarcely any frequency
change. In this respect the laser pulse undergoes frequency broadening due to SPM in the
wake. This phenomenon has been well documented in the literature [30, 34–36]. First effort
to utilize this technique for generating ultrashort mid-IR pulses using a wake in a uniform
plasma was reported in Ref. [37], where about 1.5% of the 810 nm Ti:sapphire laser energy
was converted into the wavelength range of 2–6µm.
In the tailored plasma density structure that we propose here, the laser pulse is initially
compressed – using a combination of SPM and group velocity dispersion (GVD) since vg '
3
c(1− ω2p
2ω20
1
1+φ
) – and then rapidly further frequency downshifted in a higher density plasma
region to generate the long-wavelength IR photons. The IR photons then slip back to the
central region of the wake due to dispersion/slower group velocity. The central region of
the wake is devoid of plasma electrons (η ∼ 1) and thus serves as a perfect container for
long-wavelength IR pulse, which can be seen in Fig. 1b. In this sense the present method can
be thought of as an optimized case of extremely asymmetric self-phase modulation aided by
GVD within a plasma wake.
Plasma electron sheath
LW-IR pulse
Drive
pulse
Plasma electron sheath
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electrons
{
FIG. 1. Illustration of photon frequency down conversion in a nonlinear plasma wake using a 3
dimensional particle-in-cell (PIC) simulation showing cut-away views of wakes. a, At the beginning
of the structure where the laser pulse has formed the spherical wake (dotted circle) but has not
undergone substantial frequency modification. b, Near the end of the tailored-density plasma
structure where the laser pulse has been severely frequency downshifted and the LW-IR pulse is
seen to reside in the elongated (dotted ellipse) wake cavity. Some plasma electrons are injected
into the wake and accelerated by it.
Efficient single-cycle IR source using a tailored plasma density structure
As shown in Fig. 1 for photon frequency down conversion to dominate the laser pulse
evolution, it must be short enough (typically < 10 fs) so that the photons do work in pushing
the plasma electrons outward. Such short pulses are often generated by pulse compression in
hollow fibers [38], that can deliver ∼10 mJ energy. To use such pulses to excite a nonlinear,
fully blown out wake, high density (up to 1020 cm−3) plasmas have to be used. However
in this case the LW-IR pulse cannot be generated since its wavelength is longer than the
plasma wavelength and the pulse undergoes both photon up and down-shifting as explained
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earlier. Here we put forward a general solution that uses commonly available longer laser
pulses (e.g., 30–50 fs from a Ti-sapphire laser) with high enough energy to excite a fully
blown out wake throughout the tailored plasma density structure. Our plasma structure
consists of three different modules: the pulse compressor, the IR converter, and the output
coupler as shown in Fig. 2a. Each module has a specific purpose that is accomplished by
using a specific plasma density profile. First the pulse compressor shortens the 30–50 fs long
pulse that then undergoes rapid frequency downconversion in the converter section. The
final coupler section transports the IR pulse out of the plasma efficiently while preserving
its temporal quality.
We illustrate the physical processes occurring in each module of the plasma structure by
showing the results obtained using the 3D-PIC simulation code OSIRIS [39, 40]. A laser
pulse with an initial wavelength 800 nm, pulse energy 1.2 J, temporal FWHM of the sin2
pulse of 30 fs, and spot size 16µm is propagated through the plasma structure. The initial
a0 is about 2.1. The density profile of the plasma structure is shown in Fig. 2a. The FWHM
pulse width and peak a0 evolution is shown in Fig. 2b, the spectral evolution is shown
in Fig. 2c and the initial spectrum and the final spectrum exiting the structure is shown
in Fig. 2d with an inset indicating the temporal variation of the electric field of the long
wavelength portion (shaded) of the IR pulse. Here we point out that the plasma-accelerator
community is already using similar tailored plasma density structures for the generation of
high-brightness [41] beams and for overcoming dephasing between the accelerating electrons
and the plasma wake [42]. Structured density modules with the ratio of the density steps
of factors of 2–3, peak densities on the order (1–2)×1019 cm−3 and density ramps with
scale lengths from 100–400µm have already been demonstrated. We now show that wake
generation in such tailored density structures in addition can yield a tunable long-wavelength
single-cycle IR source and explain the underlying physics of the process.
From Fig. 2b one can see that the laser pulse is compressed from 30 fs to about 11 fs in
the compressor module and is further compressed to less than 4 fs in the transition region
between the compressor and converter modules. Because of the relatively low plasma density
and the longer laser pulse length (compared to that in the converter module), the frequency
spectrum of the pulse is only modestly broadened in the compressor module. Most of the
frequency downconversion occurs in the higher density converter module. One can see this in
Fig. 2c. The final coupler module simply transfers the pulse to the outside world with small
5
attenuation and without any significant distortion due to GVD effects. The initial and final
complete spectrum of the pulse is shown in Fig. 2d. The long wavelength IR portion appears
as a distinct peak at the end of this spectrum (shaded region) and can be easily filtered. We
find that this IR portion of the spectrum is nearly transform limited (∆ν∆τ = 0.51) and
the oscillating field is only one period long as seen in the inset to Fig. 2d.
1) Compressor module: Now we discuss in detail the underlying physics in each
module of the plasma structure. In the pulse compressor module, the plasma density is
relatively low (3.5×1018 cm−3). The laser pulse creates a nonlinear wake as it enters the
plasma. The varying refractive index gradient due to the wake formation causes the in-
stantaneous frequency to vary locally along laser pulse. The whole laser pulse undergoes
frequency downshifting and develops a nearly linear chirp – because of an almost linear
refractive index gradient at the beginning of the compressor (dashed-dotted line in Fig. 3d)
over most of the pulse – which is optimal for self-compression by GVD. However, with the
process of self-compression, the nearly linear refractive index gradient gradually gets nonlin-
ear (Fig. 3e). This leads to a higher order chirp, and produces the variation of pulse duration
(Fig. 2b). Overall, the negative GVD of the plasma results in self-compression of the laser
pulse from 30 fs to 11 fs (Fig. 3b) so that it has a duration needed for IR generation in the
converter module (Fig. 3c).
2) Converter module: The 1D quasi-static nonlinear theory [32] can be used to design
the laser and plasma parameters that are optimum for the converter module (see Methods).
In this module, the plasma density is three times higher than that in the pulse compressor.
The converter length is only 450µm including a 100µm plasma density up-ramp that serves
as the transition region. The increase of plasma density leads to self-focusing and further
self-compression of the drive pulse. This together with frequency downshifting of the photons
leads to a rapid increase of a0 of the pulse (from 2.1 to 7.8 as shown in Fig. 2b since a0 ∝
E/ω). Throughout this module the whole drive pulse resides in the very front of the wake
where it experiences an extremely rapid change of the index of refraction as shown in Fig. 3c,
f. Interestingly, the longest-wavelength IR components slip rapidly backwards towards the
center of the wake due to their much slower group velocity. In the almost vacuum-like
region (devoid of plasma electrons) in this part of the wake, the IR pulse undergoes little
further photon frequency change or dispersion. Meanwhile, the wake wavelength is elongated
(λnl =
√
a0 · 2pic/ωp) due to an increase of a0, which increases the volume of the ion cavity
6
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FIG. 2. The structure and output of the LW-IR source. a, The density profile of the plasma
structure. b, The pulse duration and peak a0 evolution with propagation distance in the plasma.
The dotted blue line shows the general trend of the pulse duration variation in the compressor. c,
The spectral evolution with the propagation distance in the plasma. d, The spectra of the laser
pulse entering (blue dash) and exiting (red solid) the plasma structure and the IR pulse (shaded)
that resides within the wake cavity shown in Fig. 1b. The inset shows the temporal variation of
the electric field of the long wavelength portion (shaded) of the IR pulse. The plasma length is
about 5mm or 5 Rayleigh lengths for the spot size we used. The wake encompasses much of the
laser pulse and helps to guide it [43] over the entire length of the plasma structure.
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region so that it can accommodate the long-wavelength IR pulse.
The scenario described above is confirmed in Fig. 3d–f which show the Wigner transforms
(instantaneous wavenumber (frequency) as a function of time) of the on axis electric field
superimposed on the variation of the (negative) gradient of the refractive index (−∂η/∂ξ)
at these same positions. As expected when ∂η/∂ξ is negative (positive) the frequency is
downshifted (upshifted) from the definition of instantaneous frequency as the rate of change
of phase and thus the refractive index. At the beginning of the uniform density part of
the compressor, the initially sin2 pulse occupies mostly the first half of the wake (Fig. 3a)
and therefore undergoes SPM that leads to gentle frequency downshift at a different rate
in different parts of the pulse (Fig. 3d). By the end of the compressor section the pulse is
compressed (Fig. 3b) and the peak of the laser pulse is now located where the refractive
index gradient is the largest (Fig. 3e). At the end of the IR converter module, the pulse is
rapidly downshifted with the broad infrared spectrum forming a very narrow pulse at the
front followed by the long wavelength IR pulse that slips back and resides in the wake cavity
(Fig. 3c, f). The total conversion efficiency of the LW-IR radiation in the range of 8–30µm
is about 1.7%. However all these frequency components are phase locked to give a single
cycle pulse with a carrier wavelength of 12µm. In other words, about 20 mJ (0.44 TW) of
energy is contained in an ∼1 wavelength cube volume leading to a relativistically intense
pulse with an a0 of > 7.
We have scanned the plasma and the laser pulse parameters to investigate how robust
the results shown in Fig. 2 and 3 are. For this we use the quasi-3D OSIRIS code [44, 45] to
save simulation time. We find that the plasma density is a decisive factor for determining
the central wavelength of the IR pulse. By varying plasma density and plasma length in
the IR converter module, the central wavelength of the IR pulse can be tuned from 5µm to
14µm (Fig. 4a). We find that for plasma densities higher than 1×1019 cm−3, it is possible
to obtain near single-cycle LW-IR radiation of variable wavelength (Fig. 4b). The density
however cannot be made arbitrarily high because the pulse must reside in the portion of the
wake where ∂η/∂ξ is negative. Furthermore, if the plasma density in the converter module
is too high the drive pulse may not be able to sustain a large enough cavity to contain
the generated IR pulse, resulting in significant attenuation. Besides, the scale length of the
downramp must be shorter the higher the plasma density. This proves to be a practical
limitation.
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FIG. 3. Photon frequency downconversion in a tailored plasma structure. The transverse electric
field of the evolved laser pulse, the wake and on-axis refractive index (orange dash) are shown
(a) at the beginning of the uniform density part of the pulse compressor; (b) at the end of the
pulse compressor, and (c) at the end of the IR converter. The Wigner spectrograms of the on-axis
transverse electric field, the gradient of refractive index (orange line), and laser envelope (black
dash line) are shown in (d), (e) and (f) at the same position as in (a), (b) and (c) respectively. In
(b) and (c) the injection of some plasma electrons is also seen.
3) Coupler module: After the LW-IR pulse is generated in the converter module, it
has to be extracted from the plasma without either dispersive spreading or losing energy
due to absorption. The closer the IR frequency to the initial plasma frequency the worse is
the attenuation. The coupler solves this problem by expanding the wake cavity size in the
density downramp. This is so because nonlinear wake wavelength (cavity size) is given by
λnl ∝ √a0/ωp and in the down-ramp a0 (Fig. 2b) falls slower than ωp. The programmable
parameter here is the scale length L = ( 1
ne
dne
dx
)−1 of the falling plasma density ne(x). The
scale length of falling edge must be short enough so that the bubble expands quickly and
the center of the wake cavity retreats very quickly relative to the IR pulse, so that the IR
pulse leaves the plasma with neither energy loss nor further frequency change. Otherwise,
the center of the wake still retreats relative to the IR pulse but with a slower velocity. In this
9
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FIG. 4. Effect of variation of plasma density on output parameters of the LW-IR pulse in the
converter module. Dependence of (a) the IR spectrum and (b) optical cycles and peak a0 on
plasma density. The dashed line in (a) tracks the carrier wavelength of the LW-IR pulse.
case, the IR pulse can initially experience further frequency downconversion since it resides
in the front of the wake again due to the retreat of the wake center. However, the increase
of the downramp length will lead to longer IR pulse duration due to GVD. In Fig. 5a we
show how the central wavelength, the optical cycles, and the conversion efficiency of the
LW-IR pulse are affected by the scale-length of the downramp of the coupler module for the
case considered here. With the increase of the scale length of the falling edge, the central
wavelength increases, the optical cycles also increase, and the conversion efficiency drops.
Taking all these factors into account, the optimal scale length of falling edge for the example
shown in Fig. 2 is about 130µm.
Carrier-envelope phase locking: We find that the carrier envelope phase (CEP) of
the IR pulse generated in this scheme is locked to the initial CEP of the drive laser pulse.
This property is especially desirable to multi-shot pump probe applications where the single
cycle IR pulse is used as the pump and a small fraction of the initial laser pulse is used as
a probe and the delay between the two is varied on micrometer scale.
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FIG. 5. a, Dependence of central wavelength, optical cycles, and IR conversion efficiency (8-30µm)
on scale length of falling edge in the output coupler. b, The relationship between CEP of the LW-
IR pulse and that of the initial drive laser pulse for the case shown in Fig. 2. The upper (lower)
bound of the shaded region is the result of increasing (decreasing) the integral of plasma density
and length by 3.3×1019 cm−3 · µm. The inset shows the electric field of filtered LW-IR pulse for
different initial CEP of the drive laser (blue dash – 0; red line – pi/4; green dot – pi/2).
When a transform limited laser pulse propagates in plasma, the change of CEP is in-
evitable since the laser phase (carrier) velocity vp is faster than the speed of light while its
group (envelope) velocity vg is slower than the speed of light. The change in the phase of
the electric field between the LW-IR pulse and the initial drive pulse measured at the peak
intensity point of the two pulses is given by:
ΦCEP − Φ0 =
∫ l/c
0
2pi(vp − vg)dt
λIR(t)
'
∫ l/c
0
ne(t)
nc
ω20
ωIR(t)
dt
1 + φ(t)
, (1)
where Φ0 is the initial CEP of the drive pulse, ω0 is the initial drive pulse frequency, ne(t) is
the ambient plasma density, ωIR(t) is the IR pulse frequency, and l is the total length of the
plasma. Once the plasma density profile is fixed, the variation of CEP caused by propagation
is fixed. Then there is a linear mapping relationship between the CEP of generated IR pulse
and that of the initial drive laser pulse. We use the same parameters as those used in Fig. 2
to illustrate this mapping. In Fig. 5b we plot the CEP of the λ = 12µm IR pulse, as the
CEP of the drive pulse is varied from 0 to pi (for λ = 0.8µm) radians. The upper (lower)
dashed black line in Fig. 5b shows the resulting CEP of the IR pulse for the same drive pulse
but with the plasma density - length product increased (decreased) by 3.3× 1019 cm−3 ·µm.
We can see that the two track one another rather well in all three cases.
Based on Eq. 1, we can roughly estimate the CEP evolution at different sections. For the
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pulse compressor section, ωIR(t) changes little due to gentle photon frequency downshifting
(Fig. 2c), and φ(t) also changes little due to little change of a0 in this process (Fig. 2b).
Therefore, the variation of CEP is roughly dependent on the integral of the plasma density
and length. For the IR converter section, ωIR(t) changes rapidly due to strong photon
frequency downshifting (Fig. 2c), and φ(t) also changes rapidly due to rapid change of a0
in this process (Fig. 2b). Interestingly, both these changes approximately compensate each
other so that the variation of CEP is still roughly dependent on the integral of the plasma
density and length. For solid state CEP-stable lasers, the CEP jitter is often less than 0.1pi
radians. As shown in Fig. 5b, to achieve the same degree of control, the jitter of the plasma
density - length product should be controlled less than 3.3 × 1019 cm−3 · µm, since these
two parameters are linearly correlated. Besides, while keeping the integral of the plasma
density and length unchanged, we have changed the scale length of the upramp between
the compressor and the converter in the range of 100–250µm, the CEP only changes about
0.02pi, which supports the physical explanation given above.
Conclusion
In summary, we have developed and analyzed a scheme that generates intense long-
wavelength single-cycle IR pulses by frequency downshifting in a tailored density plasma
structure and demonstrated it using 3D PIC simulations. Our study shows this source is
able to provide single cycle, high-peak-power tunable IR pulses in a spectral region 5 <
λ(µm) < 14 where no such source currently exists.
METHODS
Theoretical estimate of the optimal pulse duration and plasma length of the IR
converter
We use 1D quasi-static nonlinear theory to estimate the optimal pulse duration and the
length of the IR converter. The evolution of the vector potential of the laser pulse and the
scalar potential of the wake are given by the following coupled equations [32]:
12
[
−2
c
∂
∂ξ
− 1
c2
∂
∂τ
]
∂a
∂τ
= k2p
a
1 + φ
, (2)
∂2φ
∂ξ2
=
k2p
2
[
1 + a2
(1 + φ)2
− 1
]
, (3)
where ξ = ct− z, τ = t are the speed of light coordinates, φ = |e|Φ/m0c2 is the normalized
scalar potential. When the normalized scalar potential |φ|  1, it can be expressed as [33]:
φ ' kp
2
∫ 0
ξ
a2L(ξ
′)sin[kp(ξ′ − ξ)]dξ′ , (4)
where aL is the envelope amplitude of the normalized vector potential a, and kp = ωp/c,
ωp = (4pi|e|2ne/m0)1/2 is the ambient plasma frequency, ne is the ambient plasma density.
If the pulse envelope is given by aL = a0sin
2(piξ/L) for −L ≤ ξ ≤ 0, we can get
φ '
( p
16
)2 {
12θ2 − [1− cos(2θ)] · [7− cos(2θ)]} , (5)
where p = kpa0L/pi, θ = piξ/L. The local wavenumber of the laser pulse is modified during
the interaction with the plasma due to the gradient of the index of refraction, which can be
expressed by φ in 1D theory. Then the photon deceleration rate is expressed as [36]:
r ≡ 1
k
∂k
∂(cτ)
' −1
2
k2p
k2
1
(1 + φ)2
∂φ
∂ξ
= − pi
2L
k2p
k2
1
(1 + φ)2
∂φ
∂θ
. (6)
Inserting Eq. 5 into Eq. 6, we can get the photon frequency downshifting rate. From Eq. 5,
we know that for a given parameter p, the profile of the photon frequency downshifting rate
is determined and accordingly the position of the maximum photon frequency downshifting
rate θm (extreme point) is determined. Then there is a certain relationship between them,
that is θm = f(p), which is shown in Fig. 6a.
When θm = pi/2, (dashed line in Fig. 6a) the position of the maximum photon frequency
downshifting rate overlaps with the peak of the laser pulse. Numerically, we find that the
optimal p = 2.88 (Fig. 6a), which agrees very well with simulation results. Then for given
plasma density and normalized vector potential of drive pulse, the optimal drive pulse length
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can be obtained:
L =
1.44λp
a0
. (7)
where λp is the plasma wavelength. Here, a0  1 should be satisfied to make sure that
the premise of the derivation (L  λp) is still valid. To get a comparable parameter with
experiments, the pulse duration (FWHM of intensity) is given by:
cτ = 0.36L =
0.52λp
a0
. (8)
Inserting θm = pi/2 into Eq. 5 and Eq. 6, the maximum photon deceleration rate rm is
obtained (assuming the optimal pulse duration):
rm ' −0.1
k3p
k2
a0 . (9)
If a0 = const, the laser wavenumber can be written as:
k2 ' k20 − 0.2k3pa0l , (10)
where k0 is the initial wavenumber, l is the propagation distance in a plasma. In the case
of large frequency downshifting, k  k0, then we can get the optimal plasma length lm to
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obtain LW-IR pulse:
lm ' 5k
2
0
k3p
a−10 . (11)
In practice the whole pulse cannot undergo photon frequency downshifitng with the maxi-
mum rate, and therefore the plasma length should be increased by up to a factor of 2. In
addition, a0 changes a lot due to strong self-focusing and self-compression in high density
plasmas. Therefore, a0 is an average value over time in Eq. 11.
Particle-in-cell simulation
The 3D PIC simulations were carried out using the code OSIRIS [39, 40] in Cartesian
coordinates with a window moving at the speed of light. The z axis was defined to be
the drive laser propagating direction. The simulation window had a dimension of 102 ×
102 × 61µm with 600 × 600 × 2400 cells in the x, y, and z directions, respectively. This
corresponded to cell sizes of ∆x = ∆y = 1.33k−10 and ∆z = 0.2k
−1
0 (where k0 = 2piλ
−1
0 is
the laser wavevector and λ0 = 800 nm. The number of macro-electrons per cell was 2.
The parameter scan was carried out using the quasi-3D OSIRIS [44, 45] to save simulation
time. Simulations were performed using a mesh with ∆r = k−10 and ∆z = 0.2k
−1
0 and the
first two Fourier modes. The number of macro-electrons per cell was 4.
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